Abstract: A characterization of oscillation and nonoscillation of the Emden-Fowler difference equation
Introduction
In this paper, we deal with oscillatory and nonoscillatory behavior of solutions of the second order difference equation
where α > 0, β > 0 and = { } and = { } are positive real sequences. Equation ( The qualitative behavior of (1) has been deeply studied in the literature. In particular, the nonoscillation of an equation including (1) has been considered in [10] [11] [12] and the oscillation in [7] [8] [9] 11 ], see also [1, Chapter 5.1] . Nevertheless a complete characterization of nonoscillatory solutions of (1), as well as necessary and sufficient conditions for the oscillation, cannot be directly obtained from the above quoted results, because they concern with a more general equation than (1) and, sometimes, with more general assumptions. In this paper, by using some of these results jointly with certain summation inequalities stated in [3, 4] and a recent result in [5] , we obtain a complete characterization both of oscillation and nonoscillation of (1). Our results depend only on the convergence of certain suitable series involving the coefficients and and are motivated also by our recent result [5] for half-linear equation (h α ) in which the coexistence of all possible types of nonoscillatory solutions is considered. We start with the following terminology and notation. A nonzero solution = { } of (1) is said to be nonoscillatory if there exists ≥ 0 such that +1 > 0 for ≥ and oscillatory otherwise. Equation (1) 
Clearly, if is a solution of (1), then − is a solution too. Hence, in studying the nonoscillation of (1), for the sake of simplicity, we restrict our attention to solutions for which > 0 eventually. It is easy to show (see, e.g., [10, Lemma 1] ) that any eventually positive solution of (1) belongs to one of the two classes listed below:
Denoting by [1] the quasi-difference of a solution of (1), namely
and using [10, Theorems 1 and 5] with minor changes, the class M + can be a-priori divided into the following subclasses:
Similarly, the class M − can be a-priori divided into the following subclasses:
In cases (H1) and (H2) the following holds.
Proposition 1.1.
Proof. Assume Y < ∞ and Y = ∞. Let be a solution of (1) in the class M − and, without loss of generality,
Summing this inequality we obtain lim [1] = −∞, i.e. a contradiction. Thus M − = ∅. Now let be a solution of (1) in the class M + such that > 0, [1] > 0 for ≥ N. Since is increasing for ≥ N, from (1) we have
which gives a contradiction as → ∞. The second claim can be proved in a similar way (see also [10, Theorem 1] with minor changes).
In Section 2 we study the oscillation and nonoscillation when (H1) holds. The case (H2) is treated using the so-called reciprocal principle in Section 3 and (H3) in Section 4. Some open problems are given in Section 5.
Condition (H1)
If (H1) holds, i.e. A = ∞ and < ∞, the following series
are characteristic for oscillation of (1), as we will show in the sequel. In this section, we describe also some asymptotic properties of nonoscillatory solutions for (1) in terms of these series.
Characteristic series
Relations between the series (3) are given in the following.
Lemma 2.1.
Proof. As we have shown in [3] and [4] , the opposite statements of Lemma 2.1 do not hold. Hence, when (H1) holds, there are the following four cases of the mutual behavior of the characteristic series S α and T β :
Assume (H1). For equation ( 
Oscillation
The basic discrepancy between the half-linear equation (h α ) and the Emden-Fowler equation, i.e. (1) with α = β, consists in the fact that all solutions of (h α ) are either oscillatory or nonoscillatory, while Emden-Fowler type equation can possess oscillatory and nonoscillatory solutions at the same time. In virtue of Theorem 2.1, equation (h α ) is nonoscillatory when any of the cases (C ), = 2 3 4 occurs. If the case (C 1 ) holds, then (h α ) can be either oscillatory or nonoscillatory (see, e.g. [1, Theorem 3.8.7.]) and, until now, no effective necessary and sufficient conditions for the oscillation of (h α ) are known. The situation is more simple when α = β, i.e. for the Emden-Fowler equation. Indeed, using results for more general equations or systems and using Lemma 2.1, we can formulate a simple necessary and sufficient condition for the oscillation of (1) Proof. The necessity follows from Theorem 2.1.
Sufficiency. The assertion can be obtained from known results, see Remark 2.1 below. Since these results regard a more general equation than (1) with more general assumptions, the assertion is not immediate and so, for sake of completeness, we present a different and easy argument to show the oscillation of (1). In virtue of Theorem 2.1, it is sufficient to show that M
and summing from N to infinity we get S α < ∞, i.e. a contradiction.
Case β < α. From the equality ∆ = ( )
Since −∆ [1] (
summing (4) from N to infinity we get T β < ∞, i.e. a contradiction and the proof is complete.
The following examples illustrate Theorem 2.2.
Example 2.1. 
We show that (5) 
Example 2.2.
Consider the difference equation
where β ≥ 5. Since 
Remark 2.2.
The oscillation of an equation including (1) is considered also in [9] . More precisely, in [9, Theorem 3.1] it is proved that if β > α, Y = ∞ and
then (1) is oscillatory. Theorem 2.2 improves for (1) such a result, as the following example shows.
Example 2.3.
where β > 5. Since for > 0
and so, using Lemma 2.1 we have also T β = ∞. Thus, by applying Theorem 2.2, we obtain the oscillation of (1). Because 
Using an half-linearization technique, we extend Theorem 2.3 to the Emden-Fowler equation, when the case (C 4 ) occurs.
Theorem 2.4.
Assume (H1). Equation ( Proof. By contradiction, assume there exists a solution of (1) in the class M + ∞ 0 and, without loss of generality, let 0 be large so that 
Claim i 1 ). Consider the half linear equation (
From (2) we obtain ∆ < A for ≥ 0 and so, because β > α, it results
In view of (12), we have
By applying Theorem 2.3 to (11), we obtain a contradiction because is a solution of (11). Claim i 4 ). If β ≤ 1 from Lemma 2.1 we have S β < ∞ and in view of (12) we obtain
So, by applying again Theorem 2.3 to (11), we obtain a contradiction because is a solution of (11). 
we obtain a contradiction because is an its solution.
An existence result for the class M + ∞ 0 can be obtained from [6] , in which a more general equation that (1) The next result gives conditions under which the structure of nonoscillatory solutions of (1) with α = β is the same as that one of the corresponding half-linear equations (h α ) and (h β ).
Corollary 2.1.
Assume (H1) and suppose any of the following conditions:
Then for equations (1), (h α ) and (h β ) we have
Now the assertion follows from Theorems 2.1, 2.3 and 2.4. The remaining assertions can be proved in an analogous way.
Using a similar argument, we get the following:
Corollary 2.2.
Assume (H1) and α < β, α ≤ 1 , T β < ∞. Then for equations (1) and (h α ) we have (13).
Remark 2.4.
Under the assumptions of Corollary 2.2 we have S α < ∞ and T α < ∞. Observe that for β > 1 it is possible that S β = ∞.
In the following we summarize the behavior of nonoscillatory solutions for Emden-Fowler equation. 
Condition (H2)
If (H2) holds, in view of Proposition 1.1, any nonoscillatory solution belongs to M − and the structure of this class can be easily obtained by using the results of the previous section and the reciprocal principle. Namely, let be a solution of (1) . Then , where = [1] , is a solution of
Vice versa, if is a solution of (14), then its quasi-difference
satisfies [1] = − +1 , i.e. = [1] is a solution of
Clearly, (1) is oscillatory if and only if (14) is oscillatory. Concerning the nonoscillation, the following hold:
Suppose that (H2) holds for (1) . Then the condition (H1) holds for (14) and for this equation the series S α , T β become
respectively. The possible cases of the mutual behavior of these series are Proof. Since 
Analogous results to the ones in Corollaries 2.1-2.4 can be easily formulated. The details are left to the reader.
Condition (H3)
Theorem 4.1.
If (H3) holds, then any positive solution belongs to the set
and any of these subset is nonempty.
Proof. Observe that any nonoscillatory solution of (1) Consider the difference equation
Clearly, (H3) holds and = (−1) √ is an its oscillatory solution.
Suggestions and open problems
(1) Assume (H1). When α ≤ 1 and S α < ∞, it can occur T α = ∞ see [3] . Hence, it is an open problem whether claim 
where α < β. It is easy to verify that = {2 } is a solution of (19). Because 
